In the following text we prove that if X is the Alexandroff compactification of a discrete space with at least two elements and f : X → X is a homeomorphism, then in the dynamical system (X, f ) the following statements are equivalent:
• the dynamical system (X, f ) is strongly proximal,
• the induced hyperspace dynamical system (P <ω 0 (X),f | P <ω 0 (X) ) is proximal (where P <ω 0 (X) is the collection of all finite subsets of X equipped with Vietoris topology).
Moreover, (X, f ) is distal if and only if (P <ω 0 (X),f | P <ω 0 (X) ) is distal. The final Section is dedicated to more details on induced hyperspace dynamical systems.
Introduction and preliminaries
In this text we deal with proximality in dynamical system (X, f ) with X as one point compactification of a discrete space, and its induced hyperspace, moreover we complete the paper with some details on induced hyperspace dynamical system.
Background on hyperspaces
In topological space X suppose P(X) is power set of X (the collection of all subsets of X) and for nonzero cardinal number α let (we call a topological space, sequential compact if every sequence has a converging subsequence):
• P 0 (X) := P(X) \ {∅},
• P <α 0 (X) := {A ∈ P 0 (X) : card(A) < α},
• P ≤α 0 (X) := {A ∈ P 0 (X) : card(A) ≤ α},
• K(X) := {A ∈ P 0 (X) : A is compact},
• S(X) := {A ∈ P 0 (X) : A is sequentially compact},
• C(X) := {A ∈ P 0 (X) : A is connected}.
If V is a nonempty open subset of X, let: < V >:= {A ∈ P 0 (X) : A ⊆ V } , < V > * := {A ∈ P 0 (X) : A ∩ V = ∅} . Now equip P 0 (X) with Vietoris topology which has {< V >: V is a nonempty open subset of X} ∪ {< V > * : V is a nonempty open subset of X} as subbasis. However using the fact that for nonempty open subsets V 1 , . . . , V n of X we have < V 1 ∩ · · · ∩ V n >=< V 1 > ∩ · · · ∩ < V n > we may consider {< W > ∩ < W 1 > * ∩ · · · ∩ < W n > * : n ≥ 1 and W, W 1 , . . . , W n are nonempty open subsets of X} as basis of Vietoris topology on P 0 (X). Vietoris topology has been study in several texts like [6] .
Background on dynamical systems and their induced hyperspace.
By a topological dynamical system (or briefly dynamical system) (X, f ) we mean a topological space X (phase space) and self-map f : X → X, in this paper in dynamical system (X, f ) we suppose f : X → X is a homeomorphism unless it is mentioned. In dynamical system f : X → X we call nonempty subset A of X, invariant if f (A) ⊆ A. Moreover for g : E → F and B ⊆ E we denote the restriction of g to B by g| B . For map f : X → X definef : P 0 (X) → P 0 (X) withf (A) = f (A)(= {f (x) : x ∈ A}) (A ∈ P 0 (X)). If f : X → X is continuous, thenf : P 0 (X) → P 0 (X) is continuous (equip P 0 (X) with Vietoris topology). Hence for dynamical system (X, f ) we may consider dynamical system (P 0 (X),f ) which we call induced hyperspace dynamical system (from (X, f )). Also we may consider invariant subsets P <α 0 (X), P ≤α 0 (X) and if f : X → X is continuous, then K(X), S(X) and C(X) are invariant too. Induced hyperspace dynamical systems has been studied in several texts like [9] and [8] , however the most emphasis on these texts is on the collection of nonempty closed compact subsets of X and continuous maps, we will have a different approach in our last section. In dynamical system (X, f ) we call (x, y) ∈ X × X a proximal pair if there exists a net {n α } α∈Γ in N = {1, 2, . . .} and z ∈ X such that lim
We denote the collection of all proximal pairs of dynamical system (X, f ) by P (X, f ) and call it the proximal relation of (X, f ). It is clear that
For f : X → X we call x ∈ X periodic, if there exists n ≥ 1 with f n (x) = x, we denote the collection of all periodic points of f :
In compact Hausdorff topological space X, suppose M (X) is the collection of all regular Borel probability measures on X, also suppose C(X) is the algebra of all real-valued continuous maps on X with supremum norm, also C * (X) is the dual of C(X). Using injection τ : M (X) → C * (X) with τ (µ)(g) = gdµ (µ ∈ M (X), g ∈ C(X)), we may consider M (X) as a subspace of C * (X). Equipe C * (X) with weak * (or equivalently, pointwise convergence) topology, so for µ ∈ M (X) the net {µ α } α∈Γ converges to µ if and only if for all g ∈ C(X) we have lim
Hence in dynamical system (X, f ) with compact Haousdorff X, we may consider dynamical system (M (X),f ) where for all µ ∈ M (X) we have gdf (µ) = g • f dµ (g ∈ C(X)). We call (X, f ) strongly proximal if (M (X),f ) is proximal [4] . In dynamical system (X, f ), we call (X, f ) point transitive if there exists x ∈ X such that O(x, f ) = X, where for all y ∈ X we have O(y, f ) := {f n (y) : n ∈ N}. We call (X, f ) topological transitive if for all nonempty open subsets U, V of X there exists n ≥ 0 such that U ∩ f n (V ) = ∅.
Background on Alexandroff compactification and Fort spaces.
In topological space X with ∞ / ∈ X, let A(X) = X ∪ {∞}, then B = {V ⊆ X : V is an open subset of X} ∪ {W ⊆ A(X) : ∞ ∈ W and X \ W is a closed compact subset of X}, is a topological basis on X, we call A(X) equipped with topology generated by B, one point compactification or Alexandroff compactification of X. Let b ∈ X, we call X a Fort space (with particular point b), when X has topology {A ⊆ X : b / ∈ A or X \ A is finite} [7, Counterexamples 23 & 24] . It is clear that in Fort space X with particular pont b, X \ {b} is discrete and X is one point compactification of X \ {b}, so in the rest of this paper instead of "Alexandroff compactification of a discrete space", we simply say "Fort space". Fort spaces are compact Hausdorff.
2 Proximality and distality in dynamical systems with a Fort space as phase space
In this section we deal with proximality and strongly proximality in dynamical systems with a Fort phase space. Here we prove that for Fort space X with at least two elements the dynamical space (X, f ) is proximal if and only if it is strongly proximal. Moreover, suppose b is the particular point of X, for Borel subset A of X let: [4] ), as a matter of fact all subsets of X are Borel.
Remark 2.1. In infinite Fort space X with particular point b, using the fact that b is the unique limit point of X, the map g : X → X is a homeomorphism if and only if it is bijective and g(b) = b. In particular In dynamical system (X, f ) we have f (x) = b if and only if x = b, hence f : X → X has at least one periodic (fix) point (for more details on dynamical systems with a Fort phase space we refer the interested reader to [1] ). Lemma 2.2. In dynamical system (X, f ), where X is an infinite Fort space with particular point b the following statements are equivalent:
1. the dynamical system (X, f ) is proximal; 2. for all x ∈ X there exists a net {n α } α∈Γ in N such that lim
4. P er(f ) = {b};
7. the dynamical system (X, f ) is strongly proximal;
7 . the dynamical system (X, f ) is strongly proximal in the following way
Proof.
(1) ⇒ (2): Let (X, f ) is proximal, then for all x ∈ X we have (x, b) ∈ P (X, f ) and there exists a net {n α } α∈Γ in N such that lim
Using the fact that f n (b) = b for all n ∈ N, we have lim
and there exists i ∈ {0, . . . , n − 1} with f i (x) = b, which leads to
n (x)} n∈N is a one to one and infinite sequence. If V is an open neighbourhood of b, then X \ V is finite and there exists N ∈ N such that f n (x) ∈ V for all n ≥ N . Therefore lim (7) and (7) ⇒ (7 ): It is clear by definition. For (7 ) ⇒ (1) we refer the reader to [4, Chapter III] (note to the fact that for homeomorphism f : X → X in Fort space X, two sets {(x, y) ∈ X × X : there exists a net {n α } α∈Γ in N and z ∈ X with lim
and {(x, y) ∈ X × X : there exists a net {n α } α∈Γ in Z and z ∈ X with lim α∈Γ f nα (x) = z = lim α∈Γ f nα (y)} coincide, however the second set is compatible with definition of proximal relation as it has been appeared in [4] ).
Lemma 2.3. In dynamical system (X, f ), where X is finite Fort space with at least two elements, then (X, f ) is not proximal. As a matter of fact there exists m ≥ 1 such that f m is the identity map on X, so (X, f ) does not satisfy none of the conditions (2), ..., (7), (7 ) of Lemma 2.2.
Proof. Note to the fact that all finite Fort spaces are discrete finite spaces. If X = {y 1 , . . . , y q } is finite, then all points x ∈ X are periodic points of bijective map f : X → X, and for all i ∈ {1, . . . , q}, there exists n i ≥ 1 with
Therefore (X, f ) is not proximal.
Lemma 2.4. In Fort space X with particular point b and dynamical system
where ω is the least infinite cardinal number).
and η : X × · · · × X t times → P 0 (X) with η(y 1 , . . . , y t ) = {y 1 , . . . , y t } is continuous, we have lim
. . , b) = {b} which completes the proof.
Theorem 2.5 (main). In the dynamical system (X, f ), where X is a Fort space with at least two elements and particular point b, for 0 < α ≤ ω the following statements are equivalent: 1. the dynamical system (X, f ) is proximal; 2. for all x ∈ X there exists a net {n α } α∈Γ in N (resp. Z) such that lim α∈Γ f nα (x) = b;
6. the dynamical system (X, f ) is strongly proximal;
Proof. Using Lemmas 2.2 and 2.3, items (1), ..., (6) 
Since X is compact Hausdorff, P 0 (X) is Hausdorff. Considering embedding ϕ : X → P 0 (X) with ϕ(x) = {x}, {{y} : y ∈ X} is a compact, hence closed invariant subset of (P 0 (X),f ) and consequently (P
It's evident using the embedding ϕ : X → P 0 (X) with ϕ(x) = {x} (x ∈ X). (3) ⇔ (9): Use {{x 1 , . . . , x n } : x 1 , . . . , x n ∈ P er(f )} ⊆ P er(f ), as a matter of fact we have
We end this section with the following note Note 2.6. In dynamical system (X, f ), where X is a Fort space with particular point b we have:
Proof. Suppose x / ∈ P er(f ), then {f n (x)} n∈N is a one to one sequence and Using a similar method described in Lemma 2.2 we have lim
for all x, y ∈ (X \ P er(f )) ∪ {b} we have lim
and (x, y) ∈ P (X, f ). Now consider distinct x, y ∈ P er(f ) (note to the fact that b ∈ P er(f )) we prove (x, y) / ∈ P (X, f ), otherwise there exists a net {n α } α∈Γ in N and z ∈ X with lim
where n w = min{n ≥ 1 : f n (w) = w} for w ∈ X. By z ∈ {x, f (x), . . . , f nx−1 (x)}∩ {y, f (y), . . . , f ny−1 (y)} we have n x = n z = n y . So there exist i, j ∈ {0, . . . , n z − 1}, such that f
, which leads to n z |i − j, thus
we conclude x = y, which is a contradiction, so for distinc x, y ∈ P er(f ) we have (x, y) / ∈ P (X, f ). In order to complete the proof we show for x ∈ P er(f ) \ {b} and y / ∈ P er(f ) we have (x, y) / ∈ P (X, f ), otherwise there exists a net {n α } α∈Γ in N and z ∈ X with lim
since b is a fix point of f , x = b and x ∈ P er(f ) we have b / ∈ {x, f (x), . . . , f nx−1 (x)}. Therefore z ∈ {x, f (x), . . . , f nx−1 (x)} ∩ {f n (y) : n ≥ 0}, and there exist i, j with z = f i (x) = f j (y). Using x ∈ P er(f ) we have f j (y) = f i (x) ∈ P er(f ), which leads to y ∈ P er(f ), this contradiction completes the proof.
Corollary 2.7. The dynamical system (X, f ), considering X as a Fort space with particular point b, is distal if and only if P er(f ) = X (let's mention that one may find notes on various concepts of distality in dynamical systems with a Fort phase space in [1] ).
Other interactions with induced hyperspace
In this section we study, distality, transitivity and universality approach in the class of induced hyperspaces of dynamical systems with a Fort space as phase space. We prove that X is a Fort space with at least two elements, then (P 0 (X),f ) is not neither point transitive, nor topological transitive; moreover (X, f ) is distal if and only if (P <ω 0 (X),f | P <ω 0 (X) ) is distal.
Transitivity
Theorem 3.1. In dynamical system (X, f ) if X is a Fort space with particular point b, and at least two elements, then (P 0 (X),f ) is not neither point transitive, nor topological transitive.
Proof. Suppose (P 0 (X),f ) is topological transitive, choose distinct isolated points x, y ∈ X. Two sets < {x} >= {{x}}, < {x} > * ∩ < {y} > * = {A ∈ P 0 (X) : x, y ∈ A} are nonempty open subsets of P 0 (X). Thus there exists n ∈ Z such that ∅ = {A ∈ P 0 (X) : x, y ∈ A}∩f n {{x}} = {A ∈ P 0 (X) : x, y ∈ A}∩{{f n (x)}}, hence x, y ∈ {f n (x)} which leads to contradiction x = y. Therefore (P 0 (X),f ) is not topological transitive. In order to complete the proof note to the fact that if (P 0 (X),f ) is point transitive, then for all nonempty open subsets U, V of P 0 (X) there exists n ∈ Z with f n (U) ∩ V = ∅, which leads to a contradiction using the same method described in the above lines. 
Distality
We mention that in infinite Fort space X with particular point b, since b is unique limit point of X, for homeomorphism f : X → X we have f (b) = b. Lemma 3.4. In dynamical system (X, f ), if X is a Hausdorff space, and
Proof. Note to the fact that P <α 0 (X) is Hausdorff. Now use the fact that for all A ∈ P <α 0 (X), A is finite, by A ⊆ P er(f ), {f n (A) : n ∈ Z} is finite, hence every net {f nα (A)} α∈Γ has a constant subnet. So for A, B, C ∈ P <α 0 (X) and net {n α } α∈Γ in Z, with lim
)} α∈Γ has a constant subnet like {(f nα λ (A), f nα λ (B))} λ∈Λ , so for λ 0 ∈ Λ we have f nα λ 0 (A) = C = f nα λ 0 (B) which leads to A = B and (P <α 0 (X),f | P <α 0 (X) ) is distal. We mention that for two dynamical systems (Z, h) and (Y, k) we say the onto continuous (resp. homeomorphism) ϕ :
Theorem 3.5. In dynamical system (X, f ), if X is a Fort space, and 0 < α ≤ ω then the following statements are equivalent:
Proof. By Lemma 3.4, we have "(2) ⇒ (3)". Also we have "(1) ⇔ (2)" by Corollary 2.7. In order to complete the proof we show "(3) ⇒ (1)", for this aim note to the fact that if (P <α 0 (X),f | P <α 0 (X) ) is distal, then its subsystem, ({{x} : x ∈ X} :f | {{x}:x∈X} ) is distal too. Considering the conjugation ϕ : (X, f ) → ({{x} : x ∈ X},f | {{x}:x∈X} ) with ϕ(x) = {x}, shows the distality of (X, f ).
Universality
If M is a class of dynamical system, we call (Y, g) ∈ M a universal dynamical system for M if each (Z, h) ∈ M is a factor of (Y, g), i.e. there exists semi
) is a semi conjugation too. In this section we consider appropriate classes of dynamical systems and introduce a universal element of them. We mention that for h : W → W , y, z ∈ W , let y ∼ h z if there exists n ∈ Z with y = h n (z), then ∼ h is an equivalence relation on W . Moreover if a ∈ W is a periodic point of h : W → W , we call min{n ≥ 1 : h n (a) = a} the period of a (under h). Also if h : W → W is bijective, then for z ∈ W the equivalence class of y under ∼ h is y ∼ h = {h n (y) : n ∈ Z}. For infinite cardinal number α, for n ∈ N and ordinal number β < α let:
We recall that α = {β ∈ ON : β < α} where ON is the class of all ordinal numbers. Let Y = {A (i,β) : i ∈ N ∪ {0}, β ∈ α} and choose b / ∈ Y . Suppose Z = Y ∪ {b} equip Z with Fort space topology with particular point b. Define f : Z → Z with:
Then f : Z → Z is a homeomorphism, moreover:
• for all Y 1 := ( {A (1,β) : β ∈ α}) ∪ {b} is the collection of all periodic points of f of period 1;
• for all n ≥ 2, Y n := {A (n,β) : β ∈ α} is the collection of all periodic points of f of period n;
• for all Y 0 := {A (0,β) : β ∈ α} is the collection of all non periodic points of f;
• for all n ≥ 0, {
First Construction. For infinite cardinal number α, suppose M is the collection of all dynamical systems (X, g), where X is an infinite Fort space with card(X) ≤ α (and homeomorphism g : X → X). Suppose (X, g) ∈ M and b (X,g) is the particular point of Fort space X, now let:
x is a non-periodic point of g};
• X n := {x ∈ X : x is a periodic point of g with period n}(n ≥ 1);
• for n ≥ 0 suppose θ n : { x ∼g : x ∈ X n } \ {{b (X,g) }} → X n \ {b (X,g) } is a choice function (i.e., for all x ∈ X n \ {b (X,g) } we have θ n (
) and µ n : β n → { x ∼g : x ∈ X n } \ {{b (X,g) }} is a bijection. Now for κ < β n , let x n κ := θ n (µ n (κ)).
Define ϕ : Z → X with:
Then ϕ : (Z, f) → (X, g) is a semi conjugation, moreover card(Z) = α and (Z, f) ∈ M. Hence (Z, f) is a universal element of M and (P 0 (Z),f) is universal for {(P 0 (X),g) : (X, g) ∈ M}. Second Construction. Using a similar method described in First Construction and Theorem 2.5, if N is the collection of all proximal elements of M, for Y = {A (0,β) : β < α} ∪ {b}, (Y, f| Y ) is a universal element of N and (P 0 (Y),f| P 0 (Y) ) is universal for {(P 0 (X),g) : (X, g) ∈ N }. Third Construction. Using a similar method described in First Construction and Theorem 3.5, if L is the collection of all distal elements of M, for X = {A (n,β) : n ∈ N, β < α} ∪ {b}, (X, f| X ) is a universal element of L and (P 0 (X),f| P 0 (X) ) is universal for {(P 0 (X),g) : (X, g) ∈ L}.
More details on induced hyperspace dynamical system
Imitating [3] and [5] in this section by a topological dynamical system (or briefly dynamical system) (X, f ) we mean a topological space X (phase space) and arbitrary map f : X → X (so f : X → X is neither a homeomorphism nor continuous). In dynamical system (X, f ) we may consider subsystems
0 (X)} (and D ∈ {K(X), S(X), C(X)} in the case of continuity of f : X → X) of (P 0 (X),f ). 
Thus there exists
Corollary 4.2. In dynamical system (X, f ):
• for cardinal number α ≥ 2 and D ∈ {P <α 0 (X),
Proof. Use Lemma 4.1 and the fact that for all x ∈ X we have {x} ∈ D in the above two items.
, then for all A ∈ K there exists finite subset {x 1 , . . . , x n } of A with {x 1 , . . . , x n } ∈ K, moreover for all subsets B of A with {x 1 , . . . , x n } ⊆ B we have B ∈ K.
Proof. Let K is a nonempty open subset of P 0 (X) and A ∈ K, then there exist nonempty open subsets V, V 1 , . . . , V n of X with A ∈< V > ∩ < V 1 > * · · · ∩ < V n > * ⊆ K. So A ⊆ V and for all i ∈ {1, . . . , n} we have A ∩ V i = ∅. For all i ∈ {1, . . . , n} choose x i ∈ A ∩ V i , hence {x 1 , . . . , x n } ⊆ A and {x 1 , . . . , x n } ∈< V > ∩ < V 1 > * · · · ∩ < V n > * ⊆ K, which completes the proof.
Theorem 4.4. In dynamical system (X, f ) for infinite cardinal number α the following assertions are equivalent:
• (P 0 (X),f ) is topological transitive,
Moreover if f : X → X is continuous, then the above statements are equivalent with the following assertions too:
Proof. Consider D ∈ {P <α 0 (X), P ≤α 0 (X)} and for continuous f : 
By Lemma 4.3 there exists finite subsets {z 1 , . . . , z n } and {w 1 , . . . , w m } of A with {z 1 , . . . , z n } ∈ L and f s ({w 1 , . . . , w m }) ∈ K. Let M = {z 1 , . . . , z n } ∪ {w 1 , . . . , w m }, using once more Lemma 4.3, we have
) is topological transitive.
Proof. Suppose (P 0 (X),f ) is not topological transitive, by Theorem 4.4, (P <ω 0 (X),f ) is not topological transitive. Note to the fact that P <ω 0 (X) is the collection of all nonempty finite subsets of X. There exist nonempty open subsets E, F of P <ω 0 (X) such that:
Choose A ∈ E and B ∈ F . Let n = card(A ∪ B), we have A ∈ E ∩ P ≤n 0 (X) and B ∈ F ∩ P ≤n 0 (X), hence K := E ∩ P ≤n 0 (X) and L := F ∩ P ≤n 0 (X) are two nonempty open subsets of P ≤n 0 (X). Using (*), we have
and (P ≤n 0 (X),f ) is not topological transitive. Example 4.6. For X = {(i, n) : n ∈ Z and i = ±1} consider X with topological basis {{(1, n), (−1, n)} : n ∈ Z} and define f : X → X with f (i, n) = (i, n + i) ((i, n) ∈ X) (the following diagram).
(1,-2) (1,-1) (1,0) (1,1) (1,2) (-1,2) (-1,-2) (-1,-1) (-1,0) (-1,1) • n ≥ m. In this case f n−m (1, m) = (1, n) and (1, n) ∈ U ∩ f n−m (V ).
• m ≥ n. In this case f m−n (−1, m) = (−1, n) and (−1, n) ∈ U ∩ f m−n (V ).
Using the above two cases U ∩ f |n−m| (V ) = ∅ and (X, f ) is topological transitive. 2. Use the fact that ϕ : X → P ≤1 0 (X) with ϕ(x) = {x} (x ∈ X) is a conjugation. ) is not topological transitive. 4. Use (3) and Theorem 4.5.
A Table
Using Corollary 4.2, Theorem 4.4 and Theorem 4.5, Examnple 4.6 we have the following table, where the mark " √ " indicates that in the corresponding case dynamical system (X, f ) we have "(H,f | H ) is topological transitive ⇒ (G,f | G ) is topological transitive" and the mark "×" indicates that in the in the corresponding case there is a dynamical system (X, f ) (and n ∈ N such that (H,f | H ) is topological transitive and (G,f | G ) is not topological transitive.
